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ON THE EXISTENCE OF A HOFER TYPE METRIC FOR 

POISSON MANIFOLDS 

TOMASZ RYBICKI 


Abstract. An analogue of the Hofer metric qh on the Hamiltonian group 
Ham(M, A) of a Poisson manifold (M, A) can be defined but there is the 
problem of its non-degeneracy. First we observe that qh is a genuine met¬ 
ric on Ham(M, A) when the union of all proper leaves of the corresponding 
symplectic foliation is dense. Next we deal with the important class of 
integrable Poisson manifolds. Recall that a Poisson manifold is called inte- 
grable if it can be realized as the space of units of a symplectic groupoid. 

Our main result states that qh is a Hofer type metric for every Poisson 
manifold which admits a Hausdorff integration. 

1. Introduction 

Given any symplectic manifold (N,oj), the Hofer metric Qh is a bi-invariant 
metric on the group of compactly supported Hamiltonian symplectomorphisms 
Ham(7V, uj) of (N,oj). Hofer geometry constitutes a basic tool in symplectic 
topology (see [T2] , [To], [16] , [T9] ). Our aim is to generalize the Hofer metric 
to the case of Poisson manifolds, a non-transitive counterpart of symplectic 
manifolds. It is a rather easy observation that there exists a possibly degener¬ 
ate analogue of the Hofer metric Qh on the Hamiltonian group Ham(M, A) of 
an arbitrary Poisson manifold (M, A). In the case of many important types of 
Poisson manifolds Qh occurs to be a genuine bi-invariant metric (see Theorems 
1.1 and 1.3). Thus, the Hofer geometry could be considered in a much more 
general setting. 

Let (M, A) be a Poisson manifold, i.e. M is a smooth paracompact manifold 
endowed with a bivector A, called the Poisson bivector , which satisfies 

(1.1) [A, A] = 0, 

where [•, •] is the Schouten-Nijenhuis bracket (cf.[22j). The bivector A in¬ 
duces a ’musical’ bundle homomorphism j[ : T*M —> TM given by j3 x (§a x ) = 
A x (ci! x , /3 x ) for all x G M and all 1-forms a, (3. The image of ft integrates 
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to a generalized foliation, denoted by F\ and called the symplectic foliation. 
The homomorphism Jj allows us to define the group of compactly supported 
Hamiltonian diffeomorphisms Hanr(M, A) as well (see section 2.2). 

For any F G C)* 3 (M, R) denote 

(1-2) || F ||oo= maxF(p) - minF(p). 

Let V Ham(M, A) be the set of Hamiltonian isotopies of (M, A) starting at the 
identity (see section 2.2). Since the Lie algebra CF°(M, R) contains Casimir 
elements, V Hanr(M, A) will be regarded as the set of all pairs 

(1.3) = ({<&}, n F G C“(7 x M,R), 

where / = [0,1] and the isotopy {0^} is generated by a Hamiltonian F G 
C“(/ x M, R). In particular, (p° F = id. Next, by using (1.2) we define the 
length of d’i? 

(1.4) length($ jP ) = f || F(t, •) ||oo dt. 

Jo 

For F G C“(7 x M, R) the symbol F 0 will denote that the isotopy {0^} 
satisfies the condition (j) l F = 0. Then for 0 G Ham(M, A) we set 

(1.5) M0,id) = inf{length( < h F )| F G C“(7 x M, R), F hg 0}, 

Here $ F is defined by (1.3) and length($ F ) by (1.4). 

Theorem 1.1. Given a Poisson manifold (M, A), the formula (1.5) defines a 
bi-invariant pseudo-metric Qh on the group of Hamiltonian diffeomorphisms 
Ham(M, A) of (M, A). Moreover, qh is a metric whenever the union of all 
proper leaves of the symplectic foliation F\ of (M, A) is dense. 

Here the properness of a leaf L means that the leaf topology of L coincides 
with the induced topology from M and that the dimension of L is positive. 

Recently, Sun and Zhang [2TJ claimed the non-degeneracy of Qh for all 
regular Poisson manifolds. However, their proof contains an essential error 
(see Remark 3.2). 

Denote by the symplectic form living on a leaf L G F\, and by c F the 
Gromov width of the symplectic manifold (L, a l). Then we have the following 
generalization of the energy-capacity inequality. 

Corollary 1.2. Let (M, A) be an arbitrary Poisson manifold. For any open 
ball U C M let c\(U) denote sup{c/ / (R D L)}, where L runs over all proper 
leaves of F\ such that U fl L is an open ball in L (and we put c\(U) — 0 if 
there is no leaf L satisfying the above condition). Then we have 

(1.6) 0 A (t/) < E(V), 
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where E(U ) is the displacement energy ofU defined by means of qh, see section 
3.3. Consequently, if (M, A) is such that the union of all proper leaves of the 
symplectic foliation is dense in M, then E(U ) > 0 for all open sets U. 

Our main result is the following 

Theorem 1.3. Suppose that (M, A) is a Poisson manifold which is integrated 
by a Hausdorff symplectic groupoid. Then the bi-invariant pseudo-metric Qh 
is a genuine metric. 

Remark 1.4. The proof of the non-degeneracy of the Hofer metric is hard, 
and a fortiori the problem of whether qh is degenerate or non-degenerate is 
possibly even harder for Poisson manifolds. This is the reason that 1 cannot 
provide any example of a possible degeneracy of qh- 

In section 5 we shall give examples of Poisson manifolds integrated by a 
Hausdorff symplectic groupoid. The significance of the integrability follows 
from the fact that the existence of a groupoid integrating (M, A) can be 
thought of as a desingularization of it (cf. the paragraph before Remark 6 
in m- A program of using symplectic groupoids in the quantization theory 
was formulated and partially carried out in the papers by Weinstein [24], We¬ 
instein and Xu [25], Zakrzewski [25] and in some other papers. The program 
may be described in the following way: "if a Poisson manifold (M, A) is seen 
as the phase space of a mechanical system, the symplectic groupoid (r, er) 
that integrates (M, A) (if it exists) can also be interpreted as a phase space 
of the system, which has more coordinates than really needed but, instead it 
has some kind of symmetries , the left and right translations of the groupoid. 
Hence, it is natural to look at the quantization of (r, a) as the corresponding 
quantum system, and to study whether it also has similar symmetries", cf. 
[22], p.158. Thus, the integrability property is very important and natural in 
the category of Poisson manifolds and the Hofer metric might be an important 
tool in Poisson geometry. 

It is a striking fact that the "symplectic" proof of Theorem 1.3 (section 4.2) 
makes use essentially of the integrability property. On the other hand, bearing 
in mind the hard symplectic methods in the proof of non-degeneracy of Qh in 
the symplectic case (cf. [13] and references therein), one could hardly expect 
that a specific "Poisson" proof, possibly for all Poisson manifolds, is available. 

Jacobi manifolds constitute an important generalization of Poisson mani¬ 
folds, cf. [7]. A general problem is to introduce a Hofer type metric on the 
group of strict Hamiltonian diffeomorphisms of a Jacobi manifold. More pre¬ 
cisely, it is straightforward to introduce a bi-invariant pseudo-metric, but there 
is the problem of its non-degeneracy. Every leaf of the generalized foliation 
induced by a Jacobi structure admits either a symplectic structure, or a lo¬ 
cally conformal symplectic structure (which is not symplectic), or a contact 
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structure. Banyaga and Donato introduced a bi-invariant metric of Hofer type 
on the strict contactomorphism group of a special kind of contact manifold [2], 
Recently, Muller and Spaeth extended this result to all contact manifolds im 
Locally conformal symplectic manifolds form an important generalization of 
symplectic geometry and many facts from this geometry can be carried over to 
the locally conformal symplectic case ( 0 . mo, ni). However, it seems that a 
possible proof of the non-degeneracy of the pseudo-metric in this case is hard, 
since it cannot be established by appealing to the symplectic energy-capacity 
inequality like in [T7] or in the present paper. 

Acknowledgments. I would like to express my gratitude to the referees for 
critical comments and valuable remarks which enable me to improve essentially 
the first version of the paper. 

2. The groups of automorphisms of a Poisson manifold 

2.1. Poisson manifolds. Recall that a Poisson structure on a smooth mani¬ 
fold M, introduced first by Lichnerowicz, can be defined by a bivector A such 
that (1.1) is fulfilled. Then the rank of A x may vary but it is even everywhere. 
We have the ’musical’ bundle homomorphism ft associated with A defined for 
any i 6 M by 

ft = ft A : T*M —> TM, P x ($a x )=A x (a x ,p x ), Vo, /3 G Sect(T*M). 

In the case of A nondegenerate (i.e. the rank of (A^,) is equal to dim(M)), 
we get a symplectic structure oj, and ft is an isomorphism. The distribution 
ft(T*M), x G M, integrates to a generalized foliation such that A restricted 
to any leaf induces a symplectic structure. This foliation is called symplectic 
and denoted by F\. If the mapping ft^ has constant rank, then the Poisson 
structure A is called regular. 

Consider a bivector held A on a smooth manifold M. For all smooth func¬ 
tions F, H G C°°(M, R) we set 

(2.1) {F, H} = t(A)(dF A dH) = A (dF A dH), 

where i is the interior product. Clearly the above bracket is 2-linear and 
antisymmetric. It is known that if A satisfies the equality (1.1), then the 
bracket (2.1) fulfills the Jacobi identity 

(2.2) {F,{G,H}} + {H,{F,G}} + {G,{H 1 F}} = 0, F,G,H G C°°(M,R), 
as well as the Leibniz rule 

{F, GH} = {F, G}H + G{F, H}. 

Since {F, •} is a derivation of C°°(M, R) the following holds. For any 
F G C°°(M, R) there is a well-defined vector held X F such that for all H G 

4 


C°°(M, R) we have 

(2.3) {F,H} = X f H = -X h F. 

Then in view of (2.2) and (2.3) we conclude that 

(2.4) X{f,h} = [Xf-,Xh\, 

that is C°°(M, R) 3 F i->- Xp G X(M) is a Lie algebra homomorphism. 
(Hereafter we follow the sign convention from Vaisman’s monograph [22].) 

2.2. Automorphisms of a Poisson manifold. For a smooth manifold M by 

Diff c (M) 0 we denote the compactly supported identity component of the group 
of all diffeomorphisms on M, and let V Diff c (M) 0 = {/ G C°°(M, Diff c (M) o |/(0) 
id} be the set of smooth isotopies. If X C (M) is the Lie algebra of all compactly 
supported vector fields on M, then we have the bijection 

(2.5) PDiff C {M) 0 3 {f t } ^ {f t } G C°°(M, X C (M)), 
where for all p G M and t G R we have 

( 2.0 /,(?) = 

In particular, a time-independent vector field X G X C (M) corresponds to its 
flow Fl x G PDiff C (M) 0 . 

Likewise, for any <p G Diff c (M) 0 the space 7-^ Diff c (M) 0 of all smooth iso¬ 
topies starting at ip identifies with C°°(M, X C (M)) by 

(2.7) V v DiS C (M) 0 3 {ft} ^ {' f^p} G C°°(M, X C (M)). 

The following is easy to check. 

Lemma 2.1. Let {ft},{gt} G P Diff C (M) 0 and f G Diff(M). Then: 

(1) ft9t — ft + ( ft)*(9t )• 

(2) r ? = -(/r 1 ).(/t). 

(3) <fft<f~ x = Mft)- 

For arbitrary Poisson manifolds and (M 2 ,A 2 ) a smooth mapping 

/ of (Mi, Ai) into (M 2 ,A 2 ) is called a Poisson morphism if 

{F o /, H o /} = {F, F} o / for any F, H G C°°(M 2 , M). 

In this case we have 

(2.8) f*Xp 0 f = Xp, 

see, e.g., [22], p.97. The symbol Diff(M, A) stands for the group of all Poisson 
automorphisms of (M, A). Next, f)am(M, A) denotes the space of all (com¬ 
pactly supported) Hamiltonian vector fields, i.e. X G fjam(M, A) iff there 
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exists a compactly supported function F G C£°(M, R) such that X = [A, F] 
or, equivalently, 

(2.9) X = <b(dF). 

Then we will write X — X F and this definition coincides with that given by 
(2.3). Recall that a vector field X is an infinitesimal automorphism of (M, A) 
if [A, X] = 0, that is Lx A = 0, where L is the Lie derivative. Let X(M, A) 
stand for the space of all i.a. of (M, A). Observe that for Y G X(M, A), 
X F G f)am(M, A) we get [Y, X F \ = L Y [A,F] = [A ,L y F]. Consequently, 
f)am(M, A) is an ideal of X(M, A). 

From now on we write F t = F(t, •) for F G C°°(J x M, R). To any F G 
C “(fxJlf, K) one can assign the smooth path {t hg X Ft } G C°°(M, f)am (M, A)) 
by means of the homomorphism jj. Next, by using (2.5), one assigns to F the 
isotopy denoted by {c ftp } as the unique element of V Diff c (M) corresponding 
to {t hg X Ft }. Let 

V Ham(M, A) = = ({<&}, F) | F G C~(J x M,M), 0° = id} 

be the set of all Hamiltonian isotopies of (M, A) starting at the identity. Con¬ 
sequently we have the bijection 

(2.10) C~(J xM,I)9FgI f gP Ham(M, A). 

Similarly, for any ip G Diff (M, A), the bijection (2.7) induces the bijection 

(2.11) C“(7 x M, t) 9 F 4 $ F G Ham(M, A), 

where 77^ Ham(M, A) is the set of all Hamiltonian isotopies starting at ip. A 
diffeomorphism 0 is called Hamiltonian if there exists a Hamiltonian isotopy 
= ({0}r},F) such that (j)° F = id and (f) F = (f). In this situation we write 
F hg cj). 

By Ham(M, A) we denote the set of all Hamiltonian diffeomorphisms. Clearly 
Ham(M, A) C Diff C (M, A). 

Recall that for F, H G C“(7 x M, M) the product F#H, the inverse F, and 
the pull-back f*F, where / G Diff(M, A), are given by the formulae 

(F#H) t = F t + H t o( < j> t F )-\ 

(2.12) (F) t = -F t o^, 

cm = w- 

Now from Lemma 2.1 we derive the following 

Lemma 2.2. Under the above notation one has 

(1) F#f7 generates and $ F#H = $f-$h ■= ({f F °(j>H},F#H); 

(2) F generates and <Fp = := ({(f^)' 1 }, F); 

(3) <S> F#H = ^ • § H ; 
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(4) *r F = ({f- 1 o<p F of},f*F). 

In particular, V Ham(M, A) is a group. 

Proposition 2.3. Ham(M, A) is a normal subgroup o/Diff(M, A). 

In fact, this follows immediately from Lemma 2.2 and the definition of 
Hamiltonian diffeomorphism (|20j). 

The length of is given by (1.4). It is important that a reparametrization 
does not change the isotopy length. 


Lemma 2.4. Let a : [a,b] —>■ I be a smooth non-decreasing surjection. Then 
for any Hamiltonian isotopy <f> F = one has: 

(1) the isotopy {<£>°V)} is Hamiltonian generated by F a (t , x) = a'(t)F(a(t), x); 

(2) length ($i7<r) = length (4> F ), if = ({p^fa^b, F ff ); 

(3) For any isotopy = ({^fK F) and for any 0 < 5 < 1 there exists an 
isotopy = ({<£>*}, F) G PHam(M, A) for some F G C“(/ x M, R) 
with length($p) = length (Tp) such that for all 0 < t < 6 one has 
pf = p° F and p 1 ^ = p l F . 

Proof. (1) Dehne F a G C£°([a, b] x M, M) by F a (t,x ) = a'(t)F(a(t),x). Then 
F a corresponds to {p a do } by (2.10). In fact, 

f^(x) = a’itflF | r „ (1) ((^<‘>)-‘W) = 

= cr'{t)$(d( x) {F(a(t),x))) = \\(d {x) (a'(t)F(a(t),x))) 

= K d (x)(F a (t,x))), 

where dt x \ is the differential with respect to x. Now (2) follows from (1) since 

F t a lU dt — f aft) || F a(lt) IU dt 
J a 

F t Hoc dt = length(4> f ). 

□ 


length (Tp^) = 


Finally, (1) and (2) imply (3). 


As a consequence of Lemma 2.4 we have an equivalent definition of the 
Hamiltonian diffeomorphisms. Namely, denote by Pf Ham(M, A) the totality 
of isotopies = ({</2 F }, F) G V Ham(M, A) such that 

(2.13) (35 > 0), (VO < t < 5), p F = p, p x f l = - 0 . 

Then p G Ham(M, A) iff there is F G C“(/xM, M) such that <f> F G Vf d Ham(M, A). 
It follows that the concatenation of isotopies can serve in the definition of the 
multiplication in Ham(M, A). 
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3. Generalization of the Hofer metric for Poisson manifolds 

3.1. A bi-invariant pseudo-metric. Let G be a group. For a function 
v : G — y [0, oo) such that z/(e) = 0 consider the following conditions. For any 
g,heG 

(1) v^g- 1 ) = u(g)- 

(2) u(gh) < v(g) + v{h)\ 

(3) v{g) > 0 if and only if g ^ e; 

(4) vihgh- 1 ) = v(g). 

Then v is called a pseudo-norm (resp. norm ) if (l)-(2) (resp. (l)-(3)) are 
fulhlled. If (3) is not satisfied, v is called degenerate. Next, v is conjugation- 
invariant if (4) is satisfied. Conjugation-invariant pseudo-norms correspond 
bijectively to bi-invariant pseudo-metrics on G: g(g, h ) = i/(g/r _1 ) and con¬ 
versely v{g) = g(g, e). 

Observe that in condition (4) the element h may belong to some larger 
group G such that G is a normal subgroup of G. 

Given a Poisson manifold (M, A), by making use of formulae (1.2), (1.3) 
and (1.4) we define the pseudo-norm Ejj by 

(3.1) E H (<j>) = gH (0, id) = inf {length (<3>p)| <Fp G A), F ha 0}. 

In view of (2.12) and Lemma 2.2 it is easily seen that Eh defined by (3.1) sat¬ 
isfies conditions (1), (2) and (4) above. Indeed, for all <&f, e V Ham(M, A) 
we have 

length($i? • & H ) < length(Tp) + length($p), 

(3.2) length (Tp 1 ) = lcngth($p), 

length($j.p) = lcngth($p), V/ G Diff(M, A). 

A possible proof of (3) for Eh is a hard problem. 

Further, for all </>, -0 G Ham(M, A) we put 

qh (& VO = Eh^H -1 )- 

In view of (2.11) and Lemma 2.4 it is easily checked that 

g H {M) = inf{length(<3>p)| G Ham(M, A)}, 

that is g H is determined by isotopies satisfying (2.13). 

Concerning the symplectic case the non-degeneracy condition (3) was proved 
by Hofer in m for M = M 2ra (see also [12]). It was generalized for some 
other symplectic manifolds by Polterovich in [18] . Finally, the proof for all 
symplectic manifolds was given by Lalonde and McDuff in [13]. In all three 
proofs Hofer’s idea of displacement energy and hard symplectic methods are 
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Theorem 3.1. Let (M,w) be an arbitrary symplectic manifold. Then Eh ■ 
Ham(M, cu) —> [0, oo) is a conjugation-invariant norm, called the Hofer en¬ 
ergy. Consequently, VO := is a bi-invariant metric, called 

the Hofer metric. 

The Hofer metric plays a crucial role in symplectic topology and various 
important notions and facts are expressed in terms of it (see, e.g., HI, HE 
|16] . [El). The original proof of its non-degeneracy for M = M 2ra is based on 
the action principle and a clue role in it is played by the action spectrum. 
The Hofer metric is intimately related, on the one hand, to a capacity Co (c.f. 
|12j ) and hence to periodic orbits, and on the other hand to the displacement 
energy. Of course, the proofs of Theorems 1.1 and 1.3 are based on Theorem 
3.1 or on the energy-capacity inequality. 

3.2. Proof of Theorem 1.1. In view of (3.2) and a standard reasoning we 
know that Qh is a bi-invariant pseudo-metric. To show the non-degeneracy of 
Qh, let <p G Ham(M, A), f ^ id, and let F H > where F G C£°(/ x M, M). 
Then there exists a proper leaf L G F\ such that 0 |l ^ id l- Denote by Fl 
the restriction of F to / x L, i.e. Fi{t,x ) = F(t,x ) for (f, x) G / x L. Due 
to Weinstein’s splitting theorem for Poisson manifolds or Dazord’s splitting 
theorem for singular foliations (see, e.g., |22[ ) we get that F L G C“(/ x L,M). 
It follows that Fl hg 0| l since the leaves of F,\ are preserved by Hamiltonian 
isotopies. In view of Theorem 3.1 applied to (L, oq,) we have 



(3,3) 


where Qh is the Hofer metric on Ham(L, <jq). Since F is an arbitrary element 
of C£°(7 x M, M) satisfying f G we get ^(0|i,id) < Qh(4>, id). Thus qh 
is non-degenerate. 

Remark 3.2. Sun and Zhang in [21] claimed that Qh is non-degenerate for 
all regular Poisson manifolds. They used a bit different definition of Qh by 
using in it the Casimir functions. In our paper we omit Casimirs in definition 
(3.1) and clearly this leads to the same qh (see our definition of Hamiltonian 
isotopies in 2.2). However, there is an essential error in the proof of the non¬ 
degeneracy of Qh in [21] • Namely, in (28) in [21] we do not know whether 
the restriction h of a Hamiltonian function h is compactly supported on a 
symplectic leaf P ao . Consequently estimations (2.8) and (2.9) need not be true 
unless the properness of leaves of the induced symplectic foliation is assumed. 
On the other hand, I do not know any example of a Poisson manifold such 
that Qh is degenerate (Remark 1.4). 
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3.3. Proof of Corollary 1.2. We define the displacement energy as in the 
symplectic case: 

E(U) = inf {E H ((j)) : 0 € Ham(M, A), <j>(U) C U = 0}. 

If there is no (j) that displaces U we put E(U) = +oo. Observe that E(U) < 
E(V) whenever U C V, and E(<f>(U)) = E{U) for all 0 e Ham(M, A). 

Let L G J -a be a proper leaf and let E b denote the displacement energy for 
the symplectic manifold L. Clearly we have 

(3.4) E l {UAL)<E{U) 

for all open subsets U of M, since <p\ l is a Hamiltonian diffeomorphism of L 
(see the proof of 1.1) and (p\i displaces UHL whenever (j) displaces U (here we 
assume that the empty set is displaced by id). Now fix an open ball U in M. 
For any proper leaf L such that U fl L is an open ball in L the energy-capacity 
inequality for L, see, e.g., [T5], p. 377, takes the form 

(3.5) ^cl(U fli) < e l (u n L), 

where Cl is the Gromov width for L. Combining (3.4) and (3.5) we get 

l - CL {unL) <E(U). 

Thus the inequality (1.6) holds. 

To show the second assertion, note that for an open subset U of M there is, 
by assumption, a proper leaf L such that U fl L ^ 0. It follows the existence 
of an open ball V C U such that V fl L is an open ball in L. Therefore, in 
view of (1.6) for V, one has 

0 < l -c L (V n L)< l -c A (V) < E(V) < E(U), 

as required. 

4. Integrability of Poisson manifolds 

4.1. Symplectic groupoids and the integrability of Poisson manifolds. 

Let T = (T =1 M, s, t, m, i) be a Lie groupoid, where M is the space of units, 
s, t : T —> M are the source and target maps, m : Y 2 —> T is the multiplication, 
where T 2 = {(x,y) 6 T x T : s(x) = t(?/)}, and i : T —» T is the inversion. 
Here M as well as the fibers of s and t are Hausdorff while T is possibly 
non-Hausdorff. This is motivated by important examples, e.g. that of the 
fundamental groupoid of some kind of foliations (cf. [3], |6j) - 

A Lie algebroid is called integrable if it is the Lie algebroid of a Lie groupoid. 
For any Lie algebroid A, Crainic and Fernandes constructed in [4] a topological 
groupoid Q(A) and proved a criterion for the integrability of Lie algebroids. 
This criterion says that A is integrable if and only if the groupoid Q(A) is 
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a Lie groupoicl. Equivalently, A is integrable if and only if the monodromy 
groups N X (A ), where x £ M, are locally uniformly discrete. In this case, G(A) 
is the unique s-simply connected Lie groupoid integrating A. 

Definition 4.1. A Lie groupoid ThM equipped with a symplectic form u 
is called symplectic if the graph of multiplication graph(m) is a Lagrangian 
submanifold of (—T) xTxT. Here — T denotes the symplectic manifold (T, —u). 
Similarly as for the Lie groupoids it is assumed that M and the fibers of s and 
t are Hausdorff, but I itself is possibly non-Hausdorff. 

The non-Hausdorff assumption is motivated by important examples of non- 
Hausdorff symplectic groupoids (cf. [5]). However, in our Theorem 1.3 we 
need the Hausdorff integrability, and all symplectic groupoids which appear 
in examples in the present paper are Hausdorff. The reason that we need T to 
be Hausdorff is the following. Although, in the case of a non-Hausdorf T, the 
lifted Hamiltonian s *F, where F £ C“(/ x M, R), in the proof of Theorem 
1.3 (below) yields a well-defined flow which lies on the t-fibers, the modified 
Hamiltonian F x on T possibly does not. 

Proposition 4.2. (cf. [23] ? [3], [5]J Let (T,o;) be a symplectic groupoid. Then 
we have: 

(1) The inversion i is an antisymplectomorphism (i.e. i*cu = — lo), and M 
is a Lagrangian submanifold ofT. 

(2) The foliations by fibers of s and oft are oj- orthogonal. 

(3) The smooth functions on T constant on s-fibers and the smooth func¬ 
tions on T constant on t-fibers commute. 

(4) IfT is s- connected the symplectic foliation Fa on M coincides with the 
foliation on M induced by the groupoid structure. 

(5) The space of units M admits a natural Poisson structure A such that s 
(resp. t ) is a Poisson morphism (resp. anti-morphism) of (T,uj) onto 
(M,A). 

(6) The Lie algebroid ofT is canonically isomorphic with the Lie algebroid 
(T*M, [•,•], ))a) induced by (M, A) ; where [•, •] is the bracket of 1-forms 
induced by the Poisson structure A. 

The basic examples of symplectic groupoids are the following. 

Example 4.3. (1) Given a symplectic manifold (M, cu), the pair groupoid 

T = MxM with the symplectic form (—o;)©a; is a symplectic groupoid. 
Then the group of (global) bisections of T coincides with the symplec- 
tomorphism group Symp(M, u>). 

(2) If M is a manifold then T*M, where the multiplication m is the ad¬ 
dition in fibers and hm = s = t, is a Lie groupoid with the fiber- 
wise multiplication. T*M endowed with the canonical symplectic form 

ll 


ujm = d\ M is also a symplectic groupoid. In fact, the graph of m 

graph(m) = {(£ 3 , x 2 , xf) : x 1 + x 2 - x 3 = 0 }. 

is the image of AT Am, the normal bundle of the diagonal A m C ill 3 
in (T*ilf) 3 , into ( T*M ) 3 by the mapping (x 3 ,x 2 ,xf) (->• (— x 3 , x 2 , £ 1 ). 
Notice that Af Am is Lagrangian in (T*ill) 3 , and the mapping is sym¬ 
plectic. So T*M is indeed a symplectic groupoid. 

(3) Let T =4 ill be a Lie groupoid. First observe that the tangent space 
IT = (IT =4 Till, Ts, Ft, ©, I) carries a structure of Lie groupoid. 
Here the multiplication © is given by 

X ® Y = ij t W).y{t)) |t=o, 

where X = %| t=0 , Y = %\t=Q, s (x(t)) = t (y(t)), and the inversion 

TV — dxft)- 1 I ; (' v _ dx 1 

- —rfi—U=0 It A - at\t=0- 

Next the cotangent space T*T equipped with Cc© = d\ r carries a 
structure of symplectic groupoid with Af* ill, the conormal bundle of 
ill in T, being the space of units. Here the multiplication, denoted also 
by ©, is determined by the equality 

{£®r ] ,X®Y) = {t,X) + {ri,Y), for A, Y e TT, £, rj G TT, 

where (-, •) is the canonical pairing. Furthermore, the canonical pro¬ 
jection p : TT —» T is an epimorphism of groupoids. Obviously, if T 
is Hausdorff then so are Tr and T' Y. 

(4) If G is a Lie group, T*G admits two symplectic groupoid structures. 
The first one is given as above, and the second is the structure of the 
transformation groupoid, where G acts on g* by the coadjoint action 
(g is the Lie algebra of G). Since these structures fulfill a compatibility 
condition, T*G carries a structure of double groupoid , cf. [3], |14| . 

Definition 4.4. A Poisson manifold is called integrable (resp. Hausdorff in- 
tegrable ) if it can be represented as the space of units of a (resp. Hausdorff) 
symplectic groupoid. 

By using their own integrability criterion for Lie algebroids, mentioned 
above, Crainic and Fernandes proved in |5] an integrability criterion for Pois¬ 
son manifolds. Namely, they proved the following 

Theorem 4.5. (]5] ; Theorem 2; |6J, Theorem 5.15) For any Poisson manifold 
(ill, A) the following conditions are equivalent: 

(1) (ill, A) is integrable. 

(2) The Lie algebroid (' T*M , [•, -],#a) is integrable. 

(3) The groupoid E(M) is a Lie groupoid, where £(M) := Q(T*M). 
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(4) The monodromy groups J\f x (T*M), with x G M, are locally uniformly 
discrete. 

In this case, E(M) is the unique s- simply connected Lie groupoid which inte¬ 
grates ( M , A). 

However, this criterion does not concern the Hausdorff integrability and it 
seems that it would be difficult to extract a possible characterization of the 
Hausdorff integrability from the proof of Theorem 2 in [5] . 

A symplectic realization of a Poisson manifold (M, A) is a Poisson morphism 
H : £ —> M, where E is a symplectic manifold, such that /i is a surjective 
submersion. Similarly as in Definition 4.1, E is possibly non-Hausdorff, but 
the leaves of the two foliations on E induced by fi, that is /U _1 (a;) and 
for x G M, are assumed to be Hausdorff. In particular, the notion of the 
completeness of the vector held X p *p, where H G C°°(M, R), makes sense. 
Next, a symplectic realization fi : E — > M is called complete if for any complete 
Hamiltonian vector held Xh on M with H G C°°(M, R), the vector held A0*# 
is complete. 

A classical result due to Karasev and Weinstein (cf. [5], Theorem 7) states 
that any Poisson manifold admits a Hausdorff symplectic realization. Since 
the paper by Crainic and Fernandes £5] we know that the concept of integra¬ 
bility of Poisson manifolds can be expressed in terms of possessing a complete 
symplectic realization. Namely, Theorem 8 in [5] says that a Poisson mani¬ 
fold is integrable if and only if it admits a complete symplectic realization. It 
is straightforward from an easier part of the proof of this theorem that the 
following holds. 

Proposition 4.6. If (T =4 M, s,t) is a symplectic groupoid then its source 
map s : T —y M is a complete symplectic realization of M. 

As an obvious consequence of the proof of Theorem 1.3 below we get 

Corollary 4.7. If a Poisson manifold M admits a complete Hausdorff sym¬ 
plectic realization fi '■ £ —>■ M then qh is non-degenerate. In particular, this 
is the case whenever E is compact and Hausdorff. 

In fact, it suffices to replace s by /i. 

4.2. Proof of Theorem 1.3. Let (M, A) be integrated by a Hausdorff sym¬ 
plectic groupoid (r, u). In view of [2] we may and do assume that T is 
s-connected. 

Suppose 0 G Ham(M, A) \ {id} and let F t-)- <f> with F G C f(I x M , R), i.e. 
$ 7 ? = ({0^},.F) and 0 = ff. Denote by X F the Hamiltonian vector held on 
T generated by s *F = F os. According to Proposition 4.6 the isotopy {4> f F } 

of Xp is defined for all t G R. The isotopy = ({0 f}, s *F) is Hamiltonian 
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but not necessarily compactly supported. However its length is well defined 
by (1.4) and 

(4.1) length(<l> s *p) = length($j?). 

Furthermore, in view of (2.8) we have s t X F = X F and we get that the isotopy 
ftp projects to 00, that is for all t 

(4.2) s o 00 = 00 o s. 

Now fix an open subset U C M such that 0(D) fl U — 0. In view of (4.2) 
we have 00(D) fl U — 0, where U = s _1 (D). Let A : T —» [0,1] be a smooth 
compactly supported cut-off function such that A = 1 on a neighborhood 
of a fixed ball B C U . Denote by {0 t } the isotopy on (r, co) generated by 
F x e C“(7 x r,R) such that 

F x (t,x) = \((4> t F )~ 1 (x))F(t,s(x)), V(f,x) G / x r. 

It follows that 0 = 0 1 displaces B. Thus, in view of the energy-capacity 
inequality hc(B) < E(B ) for (r,cu) and (4.1) we obtain 

(4.3) 0 < < E{B ) < length(Tp^) < length($ s *p) = length($p), 

where c(B) is the Gromov width of B in T. It follows that Qh{4>i id) > 0, as 
required. 


5. Examples of integrable Poisson manifolds 

There are several remarkable papers on the integrability of Poisson mani¬ 
folds. Here we give some examples of Hausdorff integrable Poisson manifolds. 

(1) First we observe that the Poisson structure of a symplectic manifold 

is integrable. In fact, one can integrate it by the pair groupoid M x M 
equipped with the symplectic structure lu © — co = s*c o — t*c o. 

(2) Let g be a finite dimensional Lie algebra. A Lie-Poisson structure on 
g*, the dual of g, is integrable according to Example 4.3(4). Here the leaves 
of the symplectic foliation on g* coincide with orbits of the coadjoint action 
of G on g, where G is a connected Lie group with the Lie algebra g. 

More precisely, there are two left actions of G on itself, namely by the 
left translations L g and by the right translations R g - 1 , g G G. The lifts 
of these actions to the cotangent bundle T*G are defined by <1> 9 = and 
T 9 = R*, resp. Then and '1-0 are Hamiltonian actions that have equivariant 
momentum maps J®, J ^ : T*G —» g*. Thus we obtain a symplectic groupoid 
( T*G =4 g*, , J $ ), where is the source and is the target. For more 
details, see, e.g., [22], p.135-143. 
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(3) Let (ilf, A) be a Poisson manifold. A submanifold N G M is called a 
Lie-Dirac submanifold (cf. |5], section 9.3) if there is a vector bundle E over N 
such that T n M = TN (B E and E° G T*M is a subalgebroid. Equivalently, N 
can be described as a Poisson-Dirac submanifold of M which admits a Dirac 
projection p : T^M —» TN (Proposition 7 in [5]). In view of Theorem 9 in 
|5] any Lie-Dirac submanifold N of an integrable Poisson manifold M, is also 
integrable, and E(iV) is a symplectic subgroupoid of E(M) (cf. Theorem 4.5). 
Thus any Lie-Dirac submanifold N of an integrable Poisson manifold M with 
E(M) Hausdorff admits a Hausdorff integration. 

(4) Let G be a Lie group with its Lie algebra g and with a free proper Hamil¬ 
tonian action on a symplectic manifold (N, a) such that the momentum map 
J : N —t g* is equivariant. Then the quotient N/G, together with the reduced 
Poisson structure induced from N. is an integrable Poisson manifold. Indeed, 
a symplectic groupoid integrating N/G is given by the Marsden-Weinstein re¬ 
duction of the pair groupoid N x N with respect to the diagonal action of G, 
denoted by N * N/G. That is, N * N/G ^ N/G, where 

N*N = {(x,y) E N x N\ J(x) = J(y)}. 

For details, see [ 8 ], p.227. 

(5) Assume that (M, A) is an integrable Poisson manifold with E(M) Haus- 
dorff and that f : GxM-fM is a proper and free Poisson action of a Lie 
group G. Therefore the lifted action E('L) : Gx E(M) —y E(M) is proper and 
free as well. It follows that 0 G 0 * is a regular value of the momentum map 
J : E(M) —y g*. Since J is a G-equivariant groupoid homomorphism, its kernel 
J” 1 (0) C E(M) is a G-invariant Lie subgroupoid. It follows that the symplec¬ 
tic quotient J _ 1 (0)/G carries a Hausdorff symplectic groupoid structure, that 
is we get a Hausdorff symplectic groupoid J^ 1 (0)/G =1 M/G. Consequently, 
the quotient Poisson manifold M/G is Hausdorff integrable. See [ 6 ], p.101, for 
details. 


References 

[1] G. Bande, D. Kotschick, Moser stability for locally conformally symplectic manifolds , 
Proc. Amer. Math. Soc. 137(2009), 2419-2424. 

[2] A. Banyaga, P. Donato, Length of contact isotopies and extensions of the Hofer metric, 
Ann. Glob. Anal. Geom. 30(2006), 299-312. 

[3] A.Coste, P.Dazord, A.Weinstein, Groupoides symplectiques, Publ. Dpt. Mathema- 
tiques, Univ. C. Bernard - Lyon 1, vol. 2/A (1987), 1-62. 

[4] M. Crainic, R. L. Fernandes, Integrability of Lie brackets , Ann. of Math. (2) 157(2003), 
575-620. 

[5] M. Crainic, R. L. Fernandes, Integrability of Poisson brackets, J. Diff. Geometry 
66(2004), 71-137. 

[6] M. Crainic, R. L. Fernandes, Lectures on Integrability of Lie Brackets, Georne- 
try&Topology Monographs 17 (2011), 1-107. 

15 


[7] P. Dazord, A. Lichnerowicz, Ch. M. Marie, Structure locale des varietes de Jacobi, J. 
Math, pures et appl. 70 (1991), 101-152. 

[8] J.P. Dufour, N.T. Zung, Poisson structures and their normal forms , Progress in Math¬ 
ematics, 242, Birkhauser, Basel, 2005. 

[9] S. Haller, T. Rybicki, On the group of diffeomorphisms preserving a locally conformal 
symplectic structure , Ann. Global Anal. Geoin. 17 (1999), 475-502. 

[10] S. Haller, T. Rybicki, Reduction for locally conformal symplectic manifolds , J. Geom. 
Phys. 37 (2000), 262-271. 

[11] H. Hofer, On the topological properties of symplectic maps , Proc. Royal Soc. Edinburgh 
115A(1990), 25-38. 

[12] H. Hofer, E. Zehnder, Symplectic Invariants and Hamiltonian Dynamics , Birkhauser, 
Advanced Texts, Birkhauser Verlag 1994. 

[13] F. Lalonde, D. McDuff, The geometry of symplectic energy , Ann. Math. 141(1995), 
349-371. 

[14] K. C. H. Mackenzie, General theory of Lie groupoids and Lie algebroids , London Math. 
Soc. Lecture Notes Series, vol. 213 (Cambridge University Press, Cambridge, 2005). 

[15] D. McDuff, D. Salamon, Introduction to Symplectic Topology , Oxford Science, Oxford 
1995. 

[16] D. McDuff, D. Salamon, J-holomorphic curves and symplectic topology , AMS, Provi¬ 
dence, 2004. 

[17] S. Muller, P. Spaeth, Topological contact dynamics I: Symplectization and applications 
of the energy-capacity inequality , Adv. Geom. (in press), arXiv:1110.6705v2. 

[18] L. Polterovich, Symplectic displacement energy for Lagrangian submanifolds , Erg. Th. 
Dynam. Sys. 13(1993), 357-367. 

[19] L. Polterovich, The geometry of the group of symplectic diffeomorphisms, Lectures in 
Mathematics ETH Zurich, Birkhauser Verlag, Basel 2001. 

[20] T.Rybicki, On foliated, Poisson and Hamiltonian diffeomorphisms, Diff. Geom. Appl. 
15(2001), 33-46. 

[21] D. Sun, Z. Zhang, A Hofer-type norm of Hamiltonian maps on regular Poisson man¬ 
ifold, Hindawi Publishing Corporation, Journal of Applied Mathematics, vol. 2014, 
Article ID 879196, 9 pages. 

[22] I.Vaisman, Lectures on the Geometry of Poisson Manifolds, Progress in Math. 118, 
Birkhauser, Basel 1994. 

[23] A. Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer. Math. Soc. 
16(1987), 101-103. 

[24] A. Weinstein, Noncommutative geometry and quantization, Symplectic Geometry and 
Mathematical Physics, Actes du colloque en l’honeur de Jean-Marie Souriau (P. Do¬ 
nato, C. Duval, J. Elliadad, G.M. Tuynman, eds), Progress in Math., 99, Birkhauser, 
Boston, 1991, 446-461. 

[25] A. Weinstein, P. Xu, Extensions of symplectic groupoids and quantization, J. reine 
angew. Math. 417(1991), 159-189. 

[26] S. Zakrzewski, Quantum and classical pseudogroups, Comm. Math. Phys. 134(1990), I, 
347-370; II, 371-395. 

Faculty of Applied Mathematics, AGH University of Science and 

Technology, al. Mickiewicza 30, 30-059 Krakow, Poland 
E-mail address: tomasz@agh.edu.pl 


16 


